Develoving Algebraic Habits of Mind

A Framework for Classvoom Questions Aimed
at @gfufﬁmiamgiﬁg Student Thinking

se algebra comprises so many mathematical features, the term alge-
raic thinking defies simple definition. Generally, iho% who use the term
do so after first choosing to concentrate on particular features, and then
concern themselves with the thinking that those features demand. For example,
sorme focus on the abstract features that distinguish algebra from arithmetic. With
that perspective, they might characterize algebraic thinking as “the ability to op-
erate on an unknown quantity as if the quantity was known, in contrast to arith-
ngrall &
Swafford 1997, 2). Othess focus on the important role that functions Diav in aioe~
bra, and may characterize algebraic thinking as the capacity to represent quantita-
tive situations so that relations among variables become apparent.Yet others may
have problem solving as their point of reference for thinking about algebra and
for thinking algebraically, and might concern themselves with how problem solv-
ers model problems.

metic reasoning which involves operations on known quantities” (Lan

Our perspective has been influenced by our work with groups of teacher
representing grades 6 through 10, so we u}ﬁg?ma;zv habits of thinking that can
begin developing in the prealgebra years and, if nurtured, can serve the learning
of formal algebra as well. When people think algebraically
lems, explore, and so on, certain habits of thinking come into play. This chapter
discusses three habits that seem to be critical to developing power in aignbraic
thinking. The list isn’t meant to be comprehensive. However, we have no doubt
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1 order to solve prob-

that by learning to attend, in an ongoing fashion, to these several A)m—ﬁr our
own and in students’ mathematical work—we will be better prepared to help stu-
lents succeed in algebra.

A facility with algebraic thinking includes being able to think about junctions
and how they work, and to think about the impact thai: a 35&0111 s structute has on
calculations. These two aspects of algebraic thinking are facilitated by certain hab-

its of mind (Figure 1-1):

» Doing~Undoeing. Effective algebraic thinking sometimes involves
reversibility (i.e., being able to undc mathematical processes as well as do
them). In effect, it is the capacity not only to use a process to get to a goal, but




FIGURE 1-1.  Three Alegbraic Thinking Habits of Mind
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also to understand the process well enough to work backward from the an-
swer to the starting point. So, for example, in a traditional algebraic setting,
algebraic thinkers cannot only solve an equation such as 95 — 16 = 0, but also
answer the question, “What is an equation with solutions 4/3 and —4/327

®

Building Rules to Represent Functions. Critical to algebraic thinking is
the capacity to recognize patterns and organize data to represent situations in
which input is related to output by well-defined functional rules. Por example,
1

onal rule that is computation-based: “Take an nput numbex

here is a func

multiply it by 4 and subtract 3.” This habit of mind is a natural complement

to Doing—Undeing, in that the capacity to understand how a functional rule

works in reverse generally makes it a more accessible and useful process.
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are tied to in arithimetic is, a

from compy mtiea. For example, students invoke 1
realize that they can regroup numbers into pairs ¢ 'h at equai 10 to make the
following computation simpler:“Compute: 1 + 2+ 3 + ...+ 1007 There is

a suggestion of Doing—Undoing here, as well, in the recognition that 101 can

be decomposed into 100 + 1,99 + 2; 98 + 3; and so o
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Habits of mind develop as the thinker pays attention, over and over again, to “What
works” {e.g., what helps in so
1
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proaches may help. Often, the cueing may occur through “guiding questions” th

the thinker asks himself. For example, consider these three basic algebraic-thinking
guestions: Hlow does this process work in reverse? How are things changing in this
sitnation? What are my operation shortcut options to get from here to there? The
first and second questions may spur the representation of functions, when that is
about calculation, when

at
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appropriate; the third may help to spur a
that is appropriate.

Table 1-1 is a beginning list of guiding questions for each of the t
of mind. Throughout this book, we try to ilustrate the usefulness of the questions
with various mathematics activities and examples of student work, The questions
in Table 1-1 have developed in our projects over time, and they keep developing
and changing as teachers engage with the notion of algebraic-thinking habits of
mind and experiment with questions that can help to foster their development in

ree habits

students.

The Role of Classroom Questions

If, as is our belief, these habits of algebraic thinking can be learned, what should
teachers be doing to foster the learning? Based on our best information, we can
say that productive instruction probably combines the following:

» Consistent inodeling of algebraic thinking. For example, in summarizing stu-
dent responses to a mathematical activity, a reacher might try to make explicit
what students have left implicit in their thinking:“So, you decided to iry your

rule on some Jarger numbers to see if it would work”

L

Giving well-timed pointers to students that help them shift or expand their
thinking, or that help them pay attention to what is important. For example,
the students of a Linked Learning middle-grades teacher were working on an
activity that could be completed satisfactorily via arithmetic. The teacher saw
an opportunity for algebraic thinkiog and said, “Once you have made a chart,
lock for an easier way. Pay atteniion to how the numbers group and how the
groupings might suggest an easier way.’

@

Making it a habit to ask a variety of questions aimed at helping students or-
ganize their thinking and respond to algebraic prompts. For example, we have
roted among some Linked Learning teachers a consistent use of questions that
chaflenge students to analyze expressions: “Can you explain what the 3 and
the 5 represent in that equation?”

We have been paying particular attention to the value of questioning. A couple
of beliefs have grown out of the work we have done in our teacher-enhancement
projects. One has to do with the role of intention in teachers’ questioning; the other
has to do with the mathematical confext in which the question is asked:

Developing Algebraic Habiis of Mind



TABLE 1-1.  Guiding Questions

Questions for Doing—
and Undoing

How is this number in the se-
quence related to the one that
came before?

What if T stare at the end?

Which process reverses the one
P'm using?

Can I decompose this number
or expression into helpful com-

Questions for Building Rules
to Represent Functions

Is there a rule or relationship
here?

How does the rule work, and
how is it helpful?

Why does the rule work the
way it does?

How are things changing?

Is there information here that
ets me predict what’s going to
happen?

Does my rule work for all
cases?

What steps am I doing over and
over?

Can I write down a mechanical
rule that will do this job once
and for all?

How can I describe the steps
without using specific inputs?

When I do the same thing with
different numbers, what still
holds true? What changes?

Now that I have an equation,

how do the numbers (param-

eters) in the equation relate wo
the problem context?

Questions for Abstracting
from Computation

How is this calculating sita-
ation like/unlike that one?

How can I predict what’s
going to happen without
doing all the calculation?

What are my operation
shortcut options for getting
from here to there?

When I do the same thing
with different numbers,
what still holds crue? What
changes?

What are other ways to
write that expression that
will bring out hidden
meaning?

How can I write the
expression in terms of
things I care about?

How does this expression
behave like that one?

1. Imtention. It is valuable for teachers to be aware of the variety and breadth
ehind classroom questions and to seek, over time, patterns of

j’aesi’ioning that are balanced across the range of intention.

ed at developing students’
should be asked in siruations that are patently “algeb
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Which process reverses the one vou're using?

&

@

How does the rule work?

&

How are things changing?

-]

Can you find a more helpful way to write the rule?

3

Is there information here that lets you predict what’s going to happen?

3

« How can vou predict what’s going to happen without doing all the calenlation?
* What are your operation shortcut options for getting from here to there?
* When you do the same thing with different numbers, what still holds true?

What changes?

Of course, teachers in real classrooms are dealing with facvors that often make the
ideal seem remote and, perhaps, unrealistic. Usually, considerable groundwork
must be laid for asking algebraic-thinking questions.

Infention

Confext

To get a handle on the kinds of questions that lay this groundwork, the Linked
Learning Project relied on a cadre of teacher leaders who act as classroom observ-
ers of the project’s teachers, and asked them to pay special heed to the questions
asked by the teachers and the impact of these questions on students. The observa-
tions take place in classes in which the teachers are using 2 lesson meant to elicit
algebraic thinking from the studenis.’ In post-observation debriefings, the ob-
server checks with the teacher on the accuracy of the observer’s judgment about
the intended purpose of each recorded question. From the observation data, we
found that teachers’ questions fall into five categories, according to a teacher’s gen-
eral inteption in asking them (Table 1-2),

Any effective lesson or set of lessons will use a blend of question types. Be-
cause students can need clarification on what a mathematical challenge is asking
them to do, because their attention may need orienting toward key features, and
because their underlying reasoning may not be clear or may seem incomplete or
faulty, teachers need to use a variety of questions or prompts that are not particu-
larly algebraic, but that lay groundwork for and, ideally, foreshadow students’ alge-
braic thinking.

In addition to teacher intention, mathematical context is another consideration in
teachers’ use of classroom questions to elicit algebraic thinking and, over time, to
foster the development of algebraic habits of mind. Some of the activities that
teachers use will display their algebraic potential rather explicitly. For example,
there is a clear call for finding a rule to describe a pattern (“What is a general way

Developing Algebraic Habits of Mind




VbLE =2 Five Categories of Teacher’s Questions

Question Type
i

Managing
Intended to help set students on task, get their
work organized, etc.

Clarifying

Intended to request information from the stu-
dent when the teacher isn’t clear about what
the student means or intends; also, when the
teacher is trying to help the student clarify the
question

Intended to get students started, or to keep
them thinking abour the particular problem
they are solving; may suggest ways to focus on
the problem; also, to orient and/or motivate

|
!
j Orlenting
{

the student toward the co rect answer or away

1
j from the incorrect answer

Prompting Mathematical Reflection

Intended to ask students to reflect on and ex-
phin their thinking; to have them anderstand
others’ mathematical ways of thinking; and to
have them extend their thinking about the
mathematics in a problem

Eficiting Alpebaic T, hinking

Intended to ask the students to undo, to build
ules for describing functional relationships; to
abstract from computations they have made; to
ask about the meaning of the work they’re do-
mg; to ask about what statements are “always”
true, about ath terms, and about finding pat-
terns and looking for what changes; to work
forward and backward, etc.; and to ask students

to justify generalizations

|
|
|
|
§
|
f

e

Examples

Who's in charge of writing it down?

Are you guys working?

b

What are you doing now?

Do you know what Pperimeter is?

How did you get 27 {This is asked when the
teacher is trying to follow the student’s thinking,
not trying to correct thinking or help refocus it
in a different direction.)

Who went firse? {during a mathematics game)

vou to find?

Have you thought about trying a table?

If vou have thar number and it increases 3, what
4o you get? {emphasis on error)

How did you get 18 {when the answer is some
other value)?

How can you check your answer? (wrong answer)

How do you explain thae?

Can you explain how you got the values in the
table?

Why did the two of you reach different conclusions?
Can you estimate? . . . Now check.

Does anyone have & different way?

What could it (the value in ¢the equation) represent?
How could you use the formule?
In = years, how much does it g0 up?

Can you lock for a pattern? Find our how the
rule works.

What does -2 mean?

If'this s 13 and this is 16, by how much did it in-

crease? (emphasis on change)

What is an easier way? Pay attention to how the

numbers group.
|
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. How many
? Show why
einforce stu-

* comparing the relative value of different representations of a relation: “What
does the graph tell you? Now, what different information does the equation
give you?”

missed and

« looking back, after a solution, for a shortcut that may have been
conclusion

could be useful next rime: “How could vou have reached that ¢

without looking at the chart?”

< making sure that all the relevant cases have been found: “How can you be

sure you have found all the numbers that work?”

= seeing what happens when other numbers are tried: “What if you try a much
larger number there?”
In other activities, it is likely that the full algebraic potentisl—or, in many
cases, any algebraic potential—will go unexploited unless the teacher asks ques-
tions that are used to extend students’ thinking about the problem. In those cases,

the teacher may be

1. reversing a routine calculating task to challenge studen
o
do: “Now that you have a good handle on using a {acmr tree, answer this:
What whole mnnbels have three factors, including the factor of 1?7
2. asking “what if”" questions to extend beyond a single situation to a more gen~

eralized situation. For example, suppose students have solved th following

problem:

Golden Apples’

A prince picked a basketiul of golden apples in the enchanted orchard. On his way
home, he was st@poed by a troll who guarded the orchard. The troll demanded
paymem of one-half of the apples plus two more. The prince gave him the apples
and set off again. A little further on, he was stopped by a second troll guard. This
troll demanded payment of one-half of the apples the prince now had plus two
more. The prince paid him and set off again. Just before %ea\ ing the enchanted or-
chard, a third iroll stopped him and demanded one-half of his remaining apples
plus two more. The prince paid him and sadly went home. He had only two goiden

apples left. How many apples had he picked?

Developing Algebraic Habits of Mind
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Rather than settle for the solution only, the teacher can further students’
thinking by asking, “What if he had 4 lefi? How many did he begin with? ¢
left?”, and so on.

3. exploiting calculating situations in which there is regularity, to challenge stu-
dents to use calculating shortcuts based on the regularity {e.g.,“ Without writ-
ing out all the numbers and adding them, find the total: 1 + 2 + 3 4 __ .27

peg o 2

T28 4274 +3 42410

4. exploiting calculating situations in which there is regularity, to challenge stu-
dents to make general statements {e.g., “Think of three consecutive integers
and multiply them. Does 2 divide any such product? Why? What other inte-
gers divide any such product? What is the largest integer that you can be cer—
tain divides any such product evenly? W hy?”)

Analyses of student work can support the use of classroom questions to foster
algebraic thinking, in particular, prompting reflections about appropriate questions.
For example, consider Figure 1-2, a piece of student work, drawn from a Linked
Learning classroom.

After examining the sample in Figure 1-2, ask yourself what you notice and
what it makes you wonder about. What do you infer about the student’s line of
thinking? What is noticed, inferred, or wondered about can lead to productive in-
structional questions. What questions might you ask in order to help the student
push her thinking further?

One feasible inference is that the student is onto something productive in the
last answer, something like, “When 1 divide the number of the square into the
number of its toothpicks, I get 4, 6, 8, 10 for the four squares that I have” From 2
habit-of-mind perspective, it seems that the student has wondered, “How are
things changing?”—a key question in Building Rules to Represent Functions. It
also seems that she has done some fuid Doing~Undoing to test how 4, 12,24 and
40 could be generated from, respectively, 1, 2, 3, 4.

The following are questions that might push the student further:“What have
you done to get these numbers?” “When ¥ou were counting toothpicks, were you
using any counting shortcuts?” “What information is here to help you predict
what’s going to happen in the next squares?” In “later squares?”

Example Activities

=

In this section, we offer several mathemarical activities, which we believe can il-
lustrate some of our points about algebraic thinking and the role of classroom
questioning. Furthermore, on the basis of the experience of teachers in our
projects, we are confident that these activities can be used with students in grades
6 through 10.

Developing Algebraic Habits of Mind
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FIGURE 1-2.  Student Work from a Linked Learning Classroom

Mame

Toothpick Sguares

Shown below is a pattern of “growing” squares made from toothpicks.
1. Study the pattern and draw a picture of the next likely shape in the pattern.
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2. How rnany small squares male up the new square?
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3. How many small squares would make up a large square which has 10
toothpicks on each side? (Show your work.
P (howyerot) 100 square
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4, Write a rule which will allow you to find the number of small squares in any
large square.
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5. Find a rule which will let you find the number of toothpicks in any Jarge
square. {Show your work.}
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The Locker Problem

1e

=

]
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The potential for algebraic thinking in this problem is substantial but somewhat
hidden. At first, and even second, glance, the problem may seem no more than a
number-senge problem, mvolving knowledge about factoring whole numbers.

The Locker Problems?®

There are 20 lockers in one hallway of the King Schoal. In preparation for the he-
ginning of school, the janitor closed all of the lockers and put a new coat of paint
on the doors, which are numbered from 1 to 20.

When the 20 students from Mrs. Mahoney’s class returned from summer vaca-
tion, they decided to celebrate by working off some energy. They came up with a
plan: The first student ran down the row of lockers and opened every door. The
second student started with locker #2 and closed every second door. The third stu-
dent started with locker #3 and changed the state of every third locker door. The
fourth student started with locker #4 and changed the state of every fourth locker
door, the fifth student started with locker #5 and changed the state of every fifth
locker door, and so on, until all 20 students had passed by the lockers.

Which lockers are still open after the twentieth student is finished? Which
locker or lockers changed the most?

Suppose there are 200 lockers. Which lockers are open after the 200th student
is finished? Which locker or lockers changed the mosi?

The number of times 2 locker changes state is the same as the number of fac-
tors of the number on the locker: For example, locker number 12 has factors 1,2,
3,4,6,and 12,50 it changes state six times. A locker whose number has the most
factors is the locker that changes the most. For the 20-locker case, lockers num-
bered 12, 18, and 20 share this honor. Some students think, by extension, that, for
200 lockers, lockers numbered 120, 180, and 200 change the most. Why would
they think this? Why might they be wrong? This starts to get at why we like the
potential for algebraic thinking here, because it raises questions about the fanc-
tion whose input is a whole number N and whose cutput is the number of fac-
tors of . This is usually called the nu function, after the Greek letrer v. Using
this terminology, v(12) = 6. If you sketch the graph of v, it moves up and down
rather wildly. Consequently, you would not expect V to be describable by any suc-

F J— 4 Ferestriror s, Fondote X4 ac 7
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cinct rule. However, it turns out that any whole number IV can be factored into its
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prime factorization, p; PN ,pm 5 XVht‘lL }}‘2’ FO. ,pm are dlStLﬂLt primes c‘xlld i\‘l‘ .

.k are whole numbers. It is the case that V() equals the product of (k, +1)....,
(k_+ 1). For example, the prime factorization of 12 is 273", so the rule says that

i

v(12) should be (2 + 1)(1 + 1) = 6, which we already know it is. Why does this
formula work for v? Think about how factors of a number are constructed from
their prime factors.

A locker is open at the end if it changes state an odd number of times. If you
record the mambers between 1 and 200 with an odd number of factors, you get 1,
4,9,16,25, 36, and so on, namely, the perfect squares. Why might this be the case?
Thinking about the formula for v can give you an idea.

By now, it should be evident how The Locker problem can elicit algebraic
thinking, in particular, the habits of mind Building Rules to Represent Functions

{in particular, working to represent v) and Doing-Undoing (addressing reverse ques-
tions, such as “What numbers have 6 factors? 3 factors? An odd number of factors?™).

Relevant guiding questions, from the list offered earlier:

e Can | write down a mechanical rule that will do this job once and for all?
* How does the rule work, and how is it helpful?

« Why does the rule work the way it does?

= What if | start at the end?

o What process reverses the one | am using?

Crossing the River

11

This problem has proved to be widely accessible to students in grades 6 through
10. Students can represent the situation in verbal, tabular, pictorial, or symbelic

(t.e.. with equation) forms.

Crossing the River!

Eight adults and two children need to cross a river. A small boat is available that
can hold one adult or one or two children (i.e., three possibilities: T adult in the
boat, 1 child in the boat, or 2 children in the boat). Everyone can row the boat.
How many one-way trips does it take for all of them to cross the river? Can you
describe how to work it out for 2 children and any number of adults? How does
your rule work out for 100 adults?

What happens to the rule if there are different numbers of children? For ex-
ample: 8 adults and 3 children? 8 adults and 4 children? Write a rule for finding
the number of trips needed for A adults and C children.

= Developing Algebraic Habits of Mind



One group of adults and children took 27 trips. How many adults and children
were in zhe group? Is there more than one solution?

Once you see that the same sequence of 4 trips can be repeated over and over
again, you can use this chunk vo build a rule, and to extend it to any number of
adults with 2 children. Stadents familiar with algebra may symbolize the chunk of
4 in an equation like 44 + 1 = number of one-way trips. (Question to consider:
If the 4 represents the sequence of trips that gets repeated what does the 1 repre-
sent?) However, they may just as easily represent the chunk pictorially, as did the
student who drew Figure 1-3.

The introduction of different numbers of children requires a reworking of the
rule. This calls into play several of the guiding questions listed earlier. One thing
that changes is the number of trips with no adults in the boat. The = eated se-

qucnce of 4 trips i: v adult does m}t f:haﬁgc, A )}:uiUUﬂC wWay

o co;mdﬁr What does 21, -3 iepiesent?)

FIGURE 1-3.  Student Pictorial of Rule
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Relevant guiding gquestions:

« What steps am | doing over and over?

» When | do the same thing with different numbers, what still holds true? What
changes?

e Now that | have an equation, how do the numbers (parameters) in the equa-

tion relate to the problem context?

Finally, the activity prompts some )om0~Undomo thinking by giving the fi~

nal state (27 one-way trips) and asking for the s {i.e., the nuimi-
hers of children and adules). Thi :

middle %ho@l students. For more C\pcr*enced students, 1t 1s the kmd of situation
that shows how powerful a}geb -aic representation can be. For instance, 2 person
who is aware of the 44 + 2C — 3 expression can use it to work backward from
4A+2C -3 =27 {or 44 + "C = 3() Can you sense, by looking at this, that
there is likely to be more than one solution

Equations such as 44 + 2C = 30, with integer solutions and integer coefti-
cients, are examples of Diophantine Equations, so there are ample extensions to the

Crossing the River problem that can spur algebraic thinking.

Cuisenaire Trains

This is an example of an activity that may not look particularly “algebraic” in its
}_’ o R

context, but it does invite the building of rules to represent functions. It is a rich

fwhich can be obiained by systematically manipulating Cui-

problems, the solution
he results in a two-column table, and looking for patterns.

10
senaire rods, recording t

Cuisenaire Trains®
How many Cszxeaaire frains can you make, the tota! length of which is 22 37 4¢
?x}? By a “irain” of length 3, we mean a row of rods, the !er ngth of which is 3, wher

order counts.

Make a table. Inspection of the table (total length, T, vs. number of trains, N)
reveals a doubling pattern that can be expressed symbolically using the equation
N =277 (or its recursive version N, | = 2N, ). So, for example, the students can
predice that there are 2!°~' = 2° = 512 different trains of length 10. One way to
justify that there are 27~ ' different trains of length T'is to think of having a solid
rod of length T and a saw to make cuts. For example, for T = 6, you hqve choice

of making a cut, or not, at five different locations; that is, you have 27 possible con-
figurations that you can cut with the saw.

Developing Algebraic Habhits of Mind
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This kind of thinking may be beyond students. Instead, they may justify the
doubling by examining the process of making trains of length 7'+ 1 from the trains
of length 7' by placing a 1-rod in the front of each train and then a 1-rod at the
end of each train. You may want to take a moment now to figure out how close
this procedure comes to doubling and what modification needs to be made to re-
veal the doubling.

For advanced students, further analysis can reveal there are

fT~1}

-1

trains of length 7" that are composed of M rods. For example, there are

(5—1\:(§):6

(3-1) 7§
different trains of length 5 that are composed of 3 rods. They are 122, 212, 221,
113,131, and 311. Students can justify this result by noting that each of the 6 trains
can be thought of as the result of dividing a 5-rod at two of the possible 4-unit
lengths. For example, the following diagram shows that the train 122 can be ob-
tained by dividing a 5-rod at the two places indicated by solid lines.

Relevant guiding guestions:

® Is there a rule or relationship here?

® How are things changing?

@ s there information here that lets me predict what's going to happen?

s How is this number in the sequence related to the one that came before?
Conclusion

14
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In this chapter and, more broadly, in this book, we advocate for the value of class—
room questions in fostering algebraic habits of mind among students in the
prealgebra years and beyond. Our framework for shifting classroom practice in this
direction isn’t based on any attempt to be comprehensive in defining algebm or al-
z. Rather, it

A
algebraic habits of mind: Doing-Undoing, Building Rules to Represent Func-

vebiaic thinki is 1

based on our work with what we believe are three key
i)
.

tions, and Abstracting from Computation.
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In the following chapters, we address some key issues that arise for teachers in

grades 6 through 10 as they try to foster their students’ algebraic thinking, in par-
ticular, through their classroom guestions. The three habits of mind play 2 kev role

Bit

in our discussions, so we end this chapter with a table for each habit. The infor-
mation in each table, while not intended to be comprehensive, should provide
some concrete examples and connections. Recall what we mean by cach of the
habits of mind:

[y

W

L

L]

8

Doing~Undoing. Effective algebraic thinking sometimes involves re-
versibility (i.e., being able to undo mathematical processes as well as do them).
In effect, it is the capacity not only to use a process to get to a goal, but also to
understand the process well enough to work backward from the answer to the
starting point (Table 1-3).

Building Rules to Represent Functions. Critical to algebraic thinking s
the capacity to recognize patterns and organize data to represent situations in
which input is related to output by well-defined functional rules (Table 1-4).

Abstracting from Computation. This is the capacity to think about com-
putations independently of particular numbers used. One of the most evident
characteristics of algebra has always been its abstractness. But, just what is be-
ing abstracted? In answer, a good case can be made that thinking algebratcally
involves being able to think about computations freed from the particular
numbers to which they are tied in arithmetic (L.e., abstracting system regu-
larities from computation) (Table 1-5).

Half of the observed lessons in any one teacher’s classroom are chosen by the
teacher; the other half are activities that are given to the teacher by projece staff.
From Make It Simpler, by Carol Meyer and Tom Sallee; copyright 1983 by
Addison~Wesley Publishing Company. Reprinted by permission.

This version of the activity was developed by EDC staff for professional de-~
velopment projects. Other versions of the activity can be found in various ma-
terials, such as the Grade 6 unit Prime Time, from Connected Mathematics. 1998.
Menlo Park, CA: Dale Seymour Publications.

A similar version of this problem appears in MathScape: Seeing and Thinking
Mathematically, Patterns in Numbers and Shapes, Lesson 3. 1998. Mountain View,
CA: Creative Publications.

This version of this problem was developed by Al Cuoco and the EDC staff
for EDC professional development projects.

{text continues on page 19)
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TABLE 1-3. Doing-Undoing

Some Related Mathematical

Ideas

Tnverse Operations; Roots;
Functions; Equivalent Expressions
Thas habit of thinking need not
wait until the topics of functions
or solving equations arise.
Throughout the elementary and
middle school experiences, there
are many topics that provide op-
portunities to foster a Doing—
Undoing habit of mind.

For example, dividing one number

mainder. Working backward from

remainders can foster student
thinking about the process or al-

gorithm used in the dividing.

Some Possible Indicators

Works to relate one entry to
previous entries (“How is this

number related to the ones
that came before?™)

pur, or esti i
output (“What if I start at the
end?”)

Uses an inverse process {(works
backward through a sequence
of steps) (“What process re-

verses the one 'm using?”)

Examples

How many even numbers are
there in the 100th row of
Pascal’s Triangle?

(*You can build the 100th row
from the 99th row—each entry
is the sum of the two entrics
right above it. .. )

How would vou describe all

the numbers with exactly three
factors?

(“Well, two of the facrors are 1
and the number itself, so what
could the third one look like?”)

In the Locker problem, which
locker(s) do you think change
states the most?

{“J think that the biggest power
of 2 less than 200 may be the an-

swer, becanse it would have a lot

Y

of factors. . ..7)

When my age is divided by 3,

the rem

age is divided by 5, the remain-

der is 3. When my age is divided

{“First of all, what numbers

have z remainder of 1w

vided by 37 .. )

Find a binomial that multiplies

by dx — 3 to give 16x2 -9,

{“Well, 16x2 — 9 is the differ-

I

ence of two squares. )
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Some Related Mathematical
Ideas

Patterns; Functions; Relations

The NCTM Standards refer fre-

iantly re tha Srnnmartasice o
’1»;&,;1’?,};: £0 e Hnport f

&

earners having consistent expe-
rience with relations, patterns,

and functions. Thes

content umbrella for this habit
of thinking.

Of particular relevance are in-
put-output approaches of some
curriculum materials to the
concept of functions, sometimes
called a function—machine ap-
proach.

let’s me predict what’s going to
1
1

appent”) (“Am 1 doing the
same steps over and over?”}

Works from a table to develop a
general rule and shows how it can
generate any table entry (“Is there
a rule or relationship here?”)
{*“When I do the same thing with
different numbers, what stays the

same? What changes?”’)

Describes a sequence of steps
raking input to output. (“Can 1
write down a mechanical rule
that will do this job once and for

all?”)

Examples

way trips are needed if there
are A adults and 2 children?
("It takes 4 one-way trips to
complete the process of get-
ting one adult across. Repeat
this A times, then .. )

How many Cuisenaire trains
are there for any length N?
{“For a smaller length w, the
number of wains is ... 7}

How many creases will a
picce of paper have if you
fold it in half » times?
("Each time I fold the paper,
at does it do to the exist-

W,

ing creases?’

Vi BEE S
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Some Related Mathematical

Idesas

7,

Integers; Prime MNumbers; Proper-
ties of Nigmber Sysierns; Opera-
tions; Medular Arithmetic

There are numerous opportuni-

ties before formal algebra to

enable learners to abstract from

calculation Young learners are
developing this habit of think-
ing when they are using the

fact that muliplication among
whole numbers s repeated ad-

dition. Later, they may internal-

ize the distributive property in
the contexr of an investigation
when one group of students
develops a rule, “Add the two
numbers and multiply by 3,7
while another group develops

the {equally valid) rule, “Multi-
ply each of the two numbers by
3, then add them?” O, they may

1

wonder whether, when a sum
of integers is divided by an in-
teger {call it ), the remainder
15 the sum of the remainders

when each of the integers is di-

vided by m.

Several Indicators

Generalizes, using the relation-
ships among addition, multipli-
cation, subtraction, and division.
{“How does this expression be-

have like that one?™)

Uses knowledge of properties
to develop shortcuts (“How
can I predict without doing all
the work?”) (“What are my
operation shorteut options?”)

Calculates readily with letter
symbols, freed from the need to
know what the symbols stand
for ("How does this expression
behave like that expression?”)
{*“What does this have to do
with the rules of calculation?”)

Using equivalent expressions,

simplifying or complic
e ] i

pression that will bring out
hidden meaning?”)

Computes in different systems
("“How is this calculating situa-
tion like/unlike that one?”)

ting, de-
pending on need (“What other
ways are there to write that ex-

Examples

What whole numbers can be
expressed as the sum of five
consecutive whole numbers?
(“I did it the same way I an-
swered the question about
three consecutive numbers. In
this case, the number has to
be divisible by 5. Take the
middle of the five consecutive
numbers. The original num-
ber is going to be 5 times this,
because .. .7}

Compute 1 +2+3+ ..+
98 + 99 + 100

("I can group in pairs that
equal 101: {1 + 100} +
2+991+[3+98..7%

Which is greater, 5% of 7 bil-
lion dollars or 7% of 5 billion
dollars?

{"I know that 5% of 7 billion
dollars is the same amount as
7% of 5 billion dollars, with-~
out computing.”}

Investigate and explain this
pattern:
1/2-1/3=1/2x1/3
1/3-1/4=1/3x1/4

174 - 175 = 1/4 X 1/5, etc.
("Un—1/fn +11=[1/a] X
[1/(r + 1}] is true be-
cause..”)

x?— 4 — y? + 4 is simplified to
%% — 32 alternatively, for cer-
fain purposes, x7 — y% can be
“complicated” to a2 — 4 — y2
+ 4,

x? + 7x = 0 has four sclu-
tions in the system of integers
modulo 10.
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